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Abstract
We consider the diffusion equation in the setting of operator theory. In
particular, we study the characterization of the limit of the diffusion opera-
tor for diffusivities approaching zero on a subdomain Ω1 of the domain of
integration of Ω. We generalize Lions’ results to covering the case of dif-
fusivities which are piecewise C1 up to the boundary of Ω1 and Ω2, where
Ω2 : Ω zΩ1 instead of piecewise constant coefficients. In addition, we
extend both Lions’ and our previous results by providing the strong conver-
gence of
 
A1p¯ν

νPN
, for a monotonically decreasing sequence of diffusivi-
ties pp¯νqνPN .
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1 Introduction
The diffusion equation
Bu
Bt
 div p p grad uq   f (1.0.1)
describes general diffusion processes, including the propagation of heat, and flows
through porous media. Here u is the density of the diffusing material, p is the
diffusivity of the material, and the function f describes the distribution of ‘sources’
and ‘sinks’. The usage of p¯ : 1{p provides a convenient framework to study
asymptotic cases where diffusivity approaches zero on an open subset of non-zero
measure. Therefore, our definitions will be based on p¯. This paper focuses on
stationary solutions of (1.0.1) satisfying
 div p p1{p¯q grad uq  f . (1.0.2)
For instance, the fictitious domain method and composite materials are sources of
rough coefficients; see the references in [6]. Important current applications deal
with composite materials whose components have nearly constant diffusivity, but
vary by several orders of magnitude. In composite material applications, it is quite
common to idealize the diffusivity by a piecewise constant function and also to
consider limits where the values of that function approach zero or infinity in parts
of the material.
For the treatment of these questions, we use methods from operator theory. For
this, we use a common approach to give (1.0.1) a well-defined meaning that, in a
first step, represents the diffusion operator
 div p1{p¯q grad (1.0.3)
as a densely-defined positive self-adjoint linear operator Ap¯ in L2CpΩq. As a result,
(1.0.2) is represented by the equation
Ap¯u  f , (1.0.4)
where f is an element of the Hilbert space, and u is from the domain, DpAp¯q, of
Ap¯.
In our previous paper [1], we treat diffusivities from the class L consisting of
2
p P L8pΩq that are defined almost everywhere ¥ ε on Ω for some ε ¡ 0, where
Ω  Rn, n P N, is some non-empty open subset. By use of Dirichlet boundary
conditions, p¯ P L induces a densely-defined, linear, self-adjoint, strictly posi-
tive operator Ap¯ in L2CpΩq. By assuming a weak notion of convergence in L, we
showed that the maps S and T defined by
Spp¯q : A1p¯ , (1.0.5)
T pp¯q : p1{p¯q ∇A1p¯ , (1.0.6)
for every p¯ P L are strongly sequentially continuous.
For the case n  1 and bounded open intervals of R, we were able to show stronger
results that include also the asymptotic cases, except that where the asymptotic
‘diffusivity’ is almost everywhere infinite on the whole interval. We showed that
S and T have unique extensions to sequentially continuous maps Sˆ and Tˆ in the
operator norm on the set of a.e. positive elements of L8pΩqzt0u. In addition, an
explicit estimate of the convergence behaviour of the maps is given,
Sˆpp¯q  Sˆpp¯
8
q  Op}p¯ p¯
8
}1q. (1.0.7)
Furthermore, we explicitly calculated Sˆ and Tˆ . The knowledge of Sˆ and Tˆ for
asymptotic p is essential for the purpose of preconditioning. Since Sˆ maintains
continuity on BL, the boundary value can be used as the dominant factor in a
perturbation expansion for Spp¯q for p¯ P L. By rewriting (1.0.7), we arrive at an
expression for a preconditioned operator:
A1p¯  A
1
p¯
8
  Op}p¯ p¯
8
}1q ,
A1p¯
8
Ap¯  I   Op}p¯ p¯8}1q.
For preconditioning purposes, in this paper, we study the boundary behaviour of
S for n ¡ 1. We prove the strong convergence of Spp¯νq for any monotonically
decreasing pp¯νqνPN. We also characterize the associated limits for particular cases.
The establishment of these results is the goal of the present article. As expected,
the limits are structurally simpler. Therefore, utilizing the limits as preconditioners
should lead to computationally feasible preconditioning. One such approach was
taken by the first author in [2]. For showing effectiveness of the proposed precondi-
tioner, one utilizes spectral equivalences. For the derivation of such equivalences,
operator theory provides the natural framework. These questions are the subject
for further study.
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Fig. 1: Red and gray color indicate high and low diffusivity values, respectively. (Left) Lions’
subdomain configuration. (Right) The configuration with diffusivity values swapped.
2 Previous results and our improvements
The treatment of the diffusion equation with piecewise constant discontinuous co-
efficient has been pioneered by J. L. Lions [7]. In his lecture notes, he considers
the limit of the solution of (1.0.2) where the limit is associated to a one-parameter
family of piecewise constant diffusivities pp¯εqε P p0,8q approaching zero on a sub-
domain Ω1 of an open subset Ω of Rn, n ¥ 1. In this, the boundary of Ω1
intersects that of Ω; see the left of Figure 1.
Using a first order formulation of the diffusion operator, a similar piecewise con-
stant one-parametric approach was used in [4, 5], but with diffusivities approaching
infinity on a subdomain; see the right of Figure 1. By a simple scaling argument, it
can be seen that the results based on such subdomain configuration can be repro-
duced from the Lions’ configuration and vice versa.
In addition to our aforementioned one-dimensional results, in the previous pa-
per [1], by assuming a weak notion of convergence in L for n ¥ 2, we showed that
the solution maps S and T , defined in (1.0.5) and (1.0.6) respectively, are strongly
sequentially continuous.
The basis of Lions’ results provides an abstract lemma which derives a Laurent
expansion for ξε in terms of ε satisfying the equation
s1pξ, ξεq   ε s2pξ, ξεq  xξ|ηy (2.0.8)
for every ξ P X. Here, η P X is given and s1, s2 are prescribed sesquilinear
forms on the abstract Hilbert space X satisfying certain conditions. The weak
formulation of (1.0.2) corresponding to p¯ε leads to this class of problems. Lions
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sketched the proof, only. For the convenience of the reader, this lemma is given
in the appendix along with a full proof; see Lemma 5.0.4 and Lemma 5.0.5. In
addition, Lions sketched the application of this lemma to the diffusion equation
with piecewise constant coefficients as an example. Here, we extend Lions’ results
in various directions. In particular, we consider strong solutions of the operator
equation instead of Lions’ weak solutions. Note that the establishment of these
results is based solely on the foundation provided in our preceding paper [1].
i) We generalize Lions’ example to a theorem covering the case of diffusivities
which are piecewise C1 up to the boundary of Ω1 and Ω2, where Ω1 :
Ω zΩ2 instead of piecewise constant coefficients. Note that for this, as is also
the case in Lions’ result, the source function f is required to be an element
of W 1
0,CpΩq which incorporates a regularity condition and a homogeneous
boundary condition.
ii) In addition, we extend both Lions’ and our previous results by providing the
strong convergence of
pSpp¯νqqνPN 
 
A1p¯ν

νPN
,
for a monotonically decreasing sequence p¯1, p¯2, . . . inL; see Theorem 3.1.1.
The coefficients in Lions’ case, i.e., one parametric piecewise constant coef-
ficients, automatically lead to a particular case of a monotonically decreas-
ing sequence of diffusivities. Differently from Lions’ case, our construction
does not require a particular configuration of subdomains. On the other
hand, differently to Lions, our theorem does not give a characterization of
the corresponding the strong limit. Also, Lions shows convergence in the
stronger W 1-norm as opposed to convergence in the L2-norm, here.
3 Preliminaries
Definition 3.0.1. (Weak solutions) Let X be a non-trivial complex Hilbert space,
A : DpAq Ñ X be a densely-defined, linear, self-adjoint and strictly positive
operator in X. For η P X, we call ξ P DpA1{2q a weak solution of the equation
Aξ  η (3.0.9)
if
xA1{2ξ|A1{2ξ1y  xη|ξ1y
5
for every ξ1 P DpA1{2q.
Remark 3.0.2. We note that the ‘strong’ solution of the equation (3.0.9), ξ :
A1η, is also a weak solution of that equation. In addition, by the bijectivity of
A1{2, it follows the uniqueness of a weak solution. Hence ξ P DpA1{2q is a weak
solution of the equation (3.0.9) if and only if it is a strong solution of (3.0.9), i.e.,
if and only if ξ P DpAq and Aξ  η.
We define the diffusion operator as operator in L2
C
pΩq and give basic properties.
Diffusion operators corresponding to diffusivities from the following large subset
L of L8pΩq will turn out to be densely-defined, linear, self-adjoint operators.
Definition 3.0.3. We define the subset L of L8pΩq to consist of those elements p¯
for which there are real C1, C2 satisfying C2 ¥ C1 ¡ 0 and such that C1 ¤ p¯ ¤
C2 a.e. on Ω. Note that the last also implies that 1{p¯ P L and in particular that
1{C2 ¤ 1{p¯ ¤ 1{C1 a.e. on Ω.
Definition 3.0.4. For p¯ P L, we define the linear operator A : DpAq Ñ L2
C
pΩq in
L2
C
pΩq by
DpAq : tu PW 10,CpΩq : p1{p¯q∇wu P Dp∇0

qu
and
Au : ∇0

p1{p¯q∇wu
for every u P DpAq.
Theorem 3.0.5. Let p¯ P L. Then A is a densely-defined, linear, self-adjoint oper-
ator in L2
C
pΩq.
Proof. See [1, Theorem 4.0.9].
Theorem 3.0.6. Let Ω be in addition bounded with a boundary of class C2 and
p¯ P C1p Ω¯,Rq. Then
DpAq W 10,CpΩq XW
2
CpΩq . (3.0.10)
Proof. The statement is a simple consequence of elliptic regularity.
The following statement will be used in the proof of Theorem 3.1.1. Note that the
domain of the quadratic form qη is given by DpA1{2q, which is generally larger
than DpAq. The same result holds if the domain of qη is restricted to DpAq. How-
ever, DpAq depends heavily on the diffusivity, whereas, according to [1, Lemma
5.0.19], DpA1{2q W 1
0,CpΩq.
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Theorem 3.0.7. (Variational formulation) LetX be a non-trivial complex Hilbert
space, A : DpAq Ñ X be a densely-defined, linear, self-adjoint and strictly posi-
tive operator in X. Further, let η P X and qη : DpA1{2q Ñ R be defined by
qηpξq : xA
1{2ξ|A1{2ξy  xη|ξy  xξ|ηy
for every ξ P DpA1{2q. Then qη assumes a unique minimum, of value
xη|A1ηy ,
at ξ  A1η.
3.1 Variational formulation
In the following, we show the strong convergence of
 
A1p¯ν

νPN
for a monotoni-
cally decreasing sequence p¯1, p¯2, . . . in L.
Lemma 3.1.1. Let p¯1, p¯2, . . . be a monotonically decreasing, i.e., such that for
every ν P N the inequality p¯ν 1pxq ¤ p¯νpxq holds for almost all x P Ω, sequence
in L. In addition, let A1, A2, . . . be the associated sequence of self-adjoint linear
operators. Then the sequence A1
1
, A1
2
, . . . is strongly convergent to a positive
bounded self-adjoint linear operator on L2
C
pΩq.
Proof. For this, let ν P N. Further, let f P L2
C
pΩq and qν,f : W 10,CpΩq Ñ R be
defined by
qν,f puq :xA
1{2
ν u|A
1{2
ν uy2  xf |uy2  xu|fy2
x∇wu | p1{p¯νq∇wu y2,n  xf |uy2  xu|fy2
for every u PW 1
0,CpΩq.
}A1{2ν f}
2
2  x∇wf | p1{p¯νq∇wf y2,n
for every f P W 1
0,CpΩq. According to Theorem 3.0.7, qν,f assumes a unique
minimum, of value
xf |A1ν fy2 ,
at uν : A1ν f . As a consequence, since p¯1, p¯2, . . . is monotonically decreasing,
it follows that
qν 1,f puq ¥ qν,fpuq
7
for every u PW 1
0,CpΩq and hence that
qν 1,f puν 1q ¥ qν,f puν 1q ¥ qν,f puνq .
Hence it follows that
xf |A1ν 1fy2 ¤ xf |A
1
ν fy2 .
From the last, it follows that A1
1
, A1
2
, . . . is a monotonically decreasing se-
quence of positive bounded self-adjoint operators on L2
C
pΩq and as such strongly
convergent to a positive bounded self-adjoint operator on L2
C
pΩq.
3.2 Generalization of Lions’ Lemma
We provide the structures satisfying the assumptions of Lemma 5.0.5 for treating
the diffusion equation (1.0.4).
Theorem 3.2.1. Let Ω be a non-void bounded open subset of Rn with boundary of
class C2, Ω2  Rn be such that Ω¯2  Ω and with boundary of class C2. We define
the closed subspace X1 of W 10,CpΩq by the range of the isometric imbedding ι of
W 1
0,CpΩ2q into W 10,CpΩq given by ιpf q : fˆ for every f PW 10,CpΩ2q, where
fˆpxq :
#
f pxq if x P Ω2
0 if x P Ω zΩ2 .
In addition, let p1 and p2 be a.e. positive elements of L8C pΩq that vanish almost
everywhere on Ω2 and Ω1, respectively, satisfy p1|Ω1 P C1pΩ¯1,Rq, p2|Ω2 P
C1pΩ¯2,Rq and for which there are α1, α2 ¡ 0 such that pj ¥ αj almost ev-
erywhere on Ωj , j P t1, 2u. Finally, let sj : pW 10,CpΩqq2 Ñ C be defined by
sjpf, gq : x∇wf | pj∇wg y2,n
for all f, g P W 1
0,CpΩq and j P t1, 2u. Then W 10,CpΩq, X1, s1, s2 satisfy the
General Assumption 5.0.3.
Proof. By
}f} :

n¸
k1
}B
kf}22
1{2
8
for all f P W 1
0,CpΩq, there is defined a norm } } on W 10,CpΩq that is equivalent to
~~1. Therefore, without restriction, we can assume in the following that W 10,CpΩq
is equipped with the norm } }. Further, by use of the inequalities
|sjpf, gq|  | x∇wf | pj∇wg y2,n | 





n¸
k1
xB
ekf |pjB
ekgy
2





¤ }pj}8
n¸
k1
}B
ekf}2}B
ekg}2 ¤ }pj}8 }f} }g}
for all f, g P W 1
0,CpΩq and j P t1, 2u, it follows that s1 and s2 are bounded
Hermitean positive sesquilinear forms. In addition, it follows that
s1pf, f q   s2pf, f q  x∇wf | pp1   p2q∇wf y2,n 
n¸
k1
xB
ekf |pp1   p2qB
ekfy
2
¥ α
n¸
k1
}B
ekf}22  α }f}
2 (3.2.1)
for every f P W 1
0,CpΩq, where α : mintα1, α2u. Further, it follows for f P X1
that
s2pf, f q  x∇wf | p2∇wf y2,n ¥ C2 x∇wf |∇wf y2,n  C2 }f}
2
and
s1pf, gq  x∇wf | p1∇wg y2,n  0
for every g P W 1
0,CpΩq. Further, we note that s : s1  s2, as sum of two bounded
Hermitean positive sesquilinear forms, is a bounded Hermitean positive sesquilin-
ear form. In addition, as a consequence of (3.2.1), s is positive definite and hence
a scalar product for W 1
0,CpΩq. Also
spf, f q  x∇wf | pp1   p2q∇wf y2,n 
n¸
k1
xB
ekf |pp1   p2qB
ekfy
2
¤ maxt }p1}8, }p2}8u
n¸
k1
}B
ekf}22  maxt }p1}8, }p2}8u }f}
2 ,
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for every f P W 1
0,CpΩq. Hence it follows by (3.2.1) the equivalence of the norm
that is induced on W 1
0,CpΩq by s and } }. As a consequence, for ω P LpW 10,CpΩq,Cq,
there is a unique f P W 1
0,CpΩq such that
ω  s1pf, q   s2pf, q .
In particular, if kerω  X1, this implies that
0  ωpgˆq  s1pf, gˆq   s2pf, gˆq  s2pf, gˆq  x∇wf | p2∇wgˆ y2,n
 x f |∇0
p2∇wgˆ y2,n  x pf |Ω2q |∇0,Ω2

p p2|Ω2q∇w,Ω2g y2,n,Ω2
for every g P W 1
0,CpΩ2q XW
2
C
pΩ2q, where an index Ω2 indicates the association
of structures to Ω2, instead of Ω. Since, according to Theorem 3.0.6,
t∇0,Ω2

p p2|Ω2q∇w,Ω2g P L
2
CpΩ2q : g PW
1
0,CpΩ2q XW
2
CpΩ2q u
is dense in L2
C
pΩ2q, the last implies that f vanishes a.e. on Ω2 and hence that
ω  s1pf, q .
In addition, if g PW 1
0,CpΩq is such that
ω  s1pg, q ,
it follows that
0  x∇wpf  gq | p1∇whˆ y2,n  x f  g |∇0
p1∇whˆ y2,n
 x pf  gq|Ω1 |∇0,Ω1

p p1|Ω1q∇w,Ω1h y2,n,Ω1
for every h P W 1
0,CpΩ1q XW
2
C
pΩ1q, where an index Ω1 indicates the association
of structures to Ω1, instead of Ω. Since, according to Theorem 3.0.6,
t∇0,Ω1

p p1|Ω1q∇w,Ω1h P L
2
CpΩ1q : h PW
1
0,CpΩ1q XW
2
CpΩ1q u
is dense in L2
C
pΩ1q, the last implies that f  g vanishes a.e. on Ω1 and hence that
f  g P X1.
We give a concrete example of the application of Lions’ Lemma 5.0.4 to the diffu-
sion equation (1.0.4).
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Corollary 3.2.2. Let f P W 1
0,CpΩq, ε ¡ 0, k P N Y t1u, and X1 as in Theo-
rem 3.2.1. Restriction of a function to Ωi is indicated by an addition of an index
i.
(i) There is a unique uε P W 10,CpΩq such that
Auε  f .
(ii) There is C ¡ 0 such that





k¸
j1
εjuj  uε





1
¤ Cεk 1 ,
where u
1 P X1 and u0, . . . , uk PW 10,CpΩq are uniquely determined by
∇0
p22∇wu12  f2 ,
∇0
p11∇wu01  0,

Bu01
Bν

Bu
12
Bν
	




BΩ2
 0, u02  0 ,
∇0
p11∇wuj1  0,

Buj1
Bν

Bu
pj1q2
Bν
	




BΩ2
 0 ,
∇0
p22∇wuj2  0,
 
uj2  u
pj1q1



BΩ2
 0 ,
where j P t1, . . . , ku.
4 Concluding remarks
Based on the foundation provided by our previous paper [1], in this paper, we
generalize Lions’ results in various ways. Our results provide the existence of
strong solutions of the operator equation instead of Lions’ weak solutions. In
particular, we generalize Lions’ results to include diffusivities that are piecewise
C1 up to the boundary of Ω1 and Ω2, where Ω2 : Ω zΩ1. Note that the geometric
configuration is restricted to the case that the boundaries of Ω1 and Ω have a non-
empty intersection. In the one dimensional case, a full characterization of the
limiting inverse operator is given in our preceding paper [1], independent of the
configuration. The other case corresponding to the right of Figure 1, i.e., when the
boundary of Ω1 has an empty intersection with that of Ω with n ¥ 2, is still largely
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open. On the other hand, for that configuration, a characterization of the limit of
the discretized inverse operators with piecewise constant coefficients is given by
the first author in [3] using linear finite element and finite volume methods.
5 Appendix
The following are the assumptions for Lions’ abstract Lemma.
Assumption 5.0.3. Let X be a non-trivial complex Hilbert space, X1 a closed
subspace of X and s1 : X2 Ñ C, s2 : X2 Ñ C be bounded sesquilinear forms on
X, i.e., sesquilinear forms for which there are C1, C2 ¥ 0 such that
|sipξ, ηq| ¤ Ci }ξ} }η}
for all ξ, η P X and i P t1, 2u. In addition, let s1, s2 be Hermitean, positive and
satisfy the following conditions.
(i) There is α ¡ 0 such that
s1pξ, ξq   s2pξ, ξq ¥ α}ξ}
2
for all ξ P X,
(ii) 1) s1pξ, ξ1q  0 for all ξ P X1 and ξ1 P X,
2) for every ω P LpX,Cq such that kerω  X1, there is ξ P X such that
ω  s1pξ, q. In addition, if ξ1 P X is such that ω  s1pξ1, q, then
ξ1  ξ P X1.
(iii) There is α2 ¡ 0 such that
s2pξ, ξq ¥ α2}ξ}
2
for all ξ P X1.
Lemma 5.0.4. Assume 5.0.3. Then, for every ω P LpX,Cq such that kerω  X1,
there is a unique ξ P X such that ω  s1pξ, q and s2pξ, ξ1q  0 for all ξ1 P X1.
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Proof. We note that, since s2 is sesquilinear, Hermitean and positive, there is a
uniquely determined positive self-adjoint T2 P LpX,Xq such that
s2pξ, ξ
1
q  xξ|T2ξ
1
y
for all ξ, ξ1 P X. In the following, we denote by P1 the projection onto X1. Then
the restriction T21 of P1T2P1 in domain and in image to X1 is a positive self-
adjoint element of LpX1,X1q. Further, since there is α2 ¡ 0 such that for every
ξ P X1
s2pξ, ξq  xP1ξ|T2P1ξy  xξ|T21ξy ¥ α2}ξ}
2 ,
T21 is strictly positive and hence bijective. If ω is an element of LpX,Cq such
that kerω  X1, then there is ξ P X such that ω  s1pξ, q. Also for ξ2 P X1,
ω  s1pξ   ξ
2, q. Then
s2pξ   ξ
2, ξ1q  0 (5.0.2)
for all ξ1 P X1 if and only if
xT21ξ
2
|ξ1y  s2pξ
2, ξ1q  s2pξ, ξ
1
q  xξ|T2ξ
1
y  xP1T2ξ|ξ
1
y
for all ξ1 P X1. Hence, (5.0.2) is satisfied for all ξ1 P X1 if
ξ2  T1
21
P1T2ξ .
Further, if ξ1, ξ2 P X are such that ω  s1pξi, q and s2pξi, ξ1q  0 for all ξ1 P X1
and i P t1, 2u, then ξ1  ξ2 P X1 and
0  s2pξ1  ξ2, ξ1  ξ2q ¥ α2}ξ1  ξ2}
2 .
Hence ξ1  ξ2.
Lemma 5.0.5. Assume 5.0.3. For η P X, ε ¡ 0 and k P NY t1u, it follows that
(i) There is a unique ξε P X such that
s1pξ, ξεq   ε s2pξ, ξεq  xξ|ηy
for all ξ P X.
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(ii) There is C ¡ 0 such that





k¸
j1
εjξj  ξε





¤ Cεk 1 ,
where ξ
1 P X1 and ξ0, . . . , ξk P X are uniquely determined by
s2pξ, ξ1q  xξ|ηy for all ξ P X1 ,
s1pξ, ξ0q  xξ|ηy  s2pξ, ξ1q for all ξ P X , s2pξ, ξ0q  0 for all ξ P X1 ,
s1pξ, ξjq  s2pξ, ξj1q for all ξ P X , s2pξ, ξjq  0 for all ξ P X1 ,
where j P t1, . . . , ku.
Proof. ‘(i)’: Since s1, s2 are sesquilinear, Hermitean and positive, there are uniquely
determined positive self-adjoint T1, T2 P LpX,Xq such that
sipξ, ξ
1
q  xξ|Tiξ
1
y
for all ξ, ξ1 P X and i P t1, 2u. Hence
s1pξ, ξ
1
q   ε s2pξ, ξ
1
q  xξ|pT1   ε T2qξ
1
y
for all ξ, ξ1 P X. In addition, there is α ¡ 0 such that
s1pξ, ξq   ε s2pξ, ξq  xξ|pT1   ε T2qξy ¥ α }ξ}
2
for all ξ P X. As a consequence, T1   ε T2 is strictly positive and hence bijective.
Therefore
ξε : pT1   ε T2q
1η
satisfies
s1pξ, ξεq   ε s2pξ, ξεq  xξ|ηy
for all ξ P X. Further, if ξ1 P X is such that
s1pξ, ξ
1
q   ε s2pξ, ξ
1
q  xξ|ηy
for all ξ P X, then
0  s1pξ
1
 ξε, ξ
1
 ξεq   ε s2pξ
1
 ξε, ξ
1
 ξεq ¥ α }ξ
1
 ξε}
2
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and hence ξ1  ξε.
‘(ii)’: For this, let ξ
1, . . . , ξk P X and
ξεk :
k¸
j1
εjξj .
Then
s1pξ, ξεkq   ε s2pξ, ξεkq 
k¸
j1
εjs1pξ, ξjq  
k¸
j1
εj 1s2pξ, ξjq
 ε1s1pξ, ξ1q   ε
k 1s2pξ, ξkq  
k¸
j0
εj r s1pξ, ξjq   s2pξ, ξj1q s
for every ξ P X. Therefore, if
s1pξ, ξ1q  0 , s1pξ, ξ0q  xξ|ηy  s2pξ, ξ1q , s1pξ, ξjq  s2pξ, ξj1q ,
for all ξ P X, where j P t1, . . . , ku, then
s1pξ, ξεkq   ε s2pξ, ξεkq  xξ|ηy   ε
k 1s2pξ, ξkq
for all ξ P X and hence
s1pξ, ξεk  ξεq   ε s2pξ, ξεk  ξεq  ε
k 1s2pξ, ξkq
for all ξ P X. In particular, this implies that
α }ξεk  ξε}
2
¤ s1pξεk  ξε, ξεk  ξεq   ε s2pξεk  ξε, ξεk  ξεq
 εk 1s2pξεk  ξε, ξkq ¤ C2 ε
k 1
}ξk} }ξεk  ξε} ,
where C2 ¥ 0 is such that
|s2pξ, ηq| ¤ C2 }ξ} }η}
for all ξ, η P X. Hence it follows that
}ξεk  ξε} ¤
C2
α
}ξk} ε
k 1 .
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In the following, we denote by P1 the projection onto X1. Then the restriction
T21 of P1T2P1 in domain and in image to X1 is a positive self-adjoint element of
LpX1,X1q. Further, since there is α2 ¡ 0 such that for every ξ P X1
s2pξ, ξq  xP1ξ|T2P1ξy  xξ|T21ξy ¥ α2}ξ}
2 ,
T21 is strictly positive and hence bijective. Hence it follows for ξ P X1 and
ξ
1 : T
1
21
P1η
that
s2pξ, ξ1q  xξ|T2T
1
21
P1ηy  xP1ξ|T2T
1
21
P1ηy  xξ|P1T2P1T
1
21
P1ηy
 xξ|P1ηy  xP1ξ|ηy  xξ|ηy .
Further, if ξ1
1
P X1 is such that
s2pξ, ξ
1
1q  xξ|ηy
for every ξ P X1, then
0  s2pξ
1
1  ξ1, ξ
1
1  ξ1q ¥ α2}ξ
1
1  ξ1}
2
and hence ξ1
1  ξ1. Further, since
xξ|ηy  s2pξ, ξ1q  0
for every ξ P X1, it follows that
xη|y  s2pξ1, q
is an element of LpX,Cq whose kernel contains X1. Hence, by Lemma 5.0.4,
there is a unique ξ0 P X such that
s1pξ, ξ0q  xξ|ηy  s2pξ, ξ1q
for every ξ P X and s2pξ, ξ0q  0 for every ξ P X1. Finally, by Lemma 5.0.4, it
follows recursively the existence and uniqueness of ξ1, . . . , ξk P X such that
s1pξ, ξjq  s2pξ, ξj1q for all ξ P X , s2pξ, ξjq  0 for all ξ P X1 ,
for j P t1, . . . , ku.
16
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